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Abstract
This paper presents a modeling method of cutting force and a combination approach of theory and experimental methods in the 
determination of cutting force coefficients in the face milling process using a parallelogram insert. By the theoretical method, the cutting 
forces were modeled by a mathematical function of cutting cutter geometry (Cutter diameter, the number of inserts, the insert nose radius, 
nsert cutting edge helix angle, etc.), cutting conditions (depth of cut, feed per flute, spindle speed, etc.), and cutting force coefficients 
(shear force coefficients, edge force coefficients). By the theoretical method, the average cutting forces in three directions (feed – x, 
normal – y, and axial – z) were modeled as the linear functions of feed per flute. By the experimental method, the average cutting forces 
in these three directions were also regressed as the linear functions of feed per flute with quite large determination coefficients (R2 were 
larger than 92 %). Then, the relationship of average cutting forces and feed per flute was used to determine all six cutting force coef-
ficient components. The validation experiments were performed to verify the linear function of average cutting forces, to determine 
the cutting force coefficients, and to verify the cutting force models in the face milling process using a cutter with one parallelogram 
insert. The cutting force models were successfully verified by comparison of the shape and the values of predicted cutting forces and 
measured cutting forces. These proposed methods and models can be applied to determine the cutting force coefficients and predict the 
cutting force in the face milling process using a parallelogram insert and can be extended with other cutting types or other insert types.
Keywords: modeling, force models, cutting forces, force coefficients, average cutting forces, shear cutting coefficients, edge 
cutting coefficients, face milling, parallelogram insert, C45.
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1. Introduction
Nowadays, milling is very popularly employed in computer numerical control (CNC) ma-
chines for metal material cutting operations. In the milling process, the cutting forces are the im-
portant parameter to predict the machining characteristics such as cutting power, vibrations, chatter, 
surface roughness, etc., and develop the machining processes with high effectiveness and low cost. 
The cutting force model plays a decisive role in accuracy when predicting the forces and other ma-
chining characteristics in machining processes, especially in milling processes.
Two modeling methods were generally used to model the cutting force in the machining 
process. In the first method, the cutting force was modeled by the regression model through expe-
rimental data. By using this method, the effect of the controllable factors such as cutting conditions, 
tool geometry, etc., on the cutting force was investigated. This method is easy to perform, and the 
cutting force model is also easy to model. However, this method was only applied in limited con-
ditions, and the regression model changed with different conditions of experimental. Besides, this 
method was only applied separately for each pair of tool and workpiece, and the cutting force model 
changed when applying for different pairs of tool and workpiece. Several researchers applied this 
method in the investigation of cutting force in the face milling process of SKD61 Hard Steel [1], 
flat milling process of aerospace aluminum alloys [2], ball milling graded material [3], and so on. 
In the second method, the cutting force was modeled by the theoretical model through a mathemati-
cal function of tool geometry, tool, and workpiece material properties, cutting conditions, and so on. 
This method is a quite complex method in the modeling process. However, the modeling process 
was started from the analysis of the metal cutting principle that was the essence of cutting processes; 
so, this method had been widely applied in cutting processes such as turning, milling, drilling, etc. 
The reviews of this method are presented in the following.
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In milling processes, two model types were often applied to predict the cutting forces. In the 
first one, the cutting forces are proportional to the chip thickness and cutting force coefficients. 
In this model, the cutting force coefficients were expressed as the exponential functions of average 
chip thickness (exponential force coefficient model) [4, 5]. Using this model, the instantaneous 
cutting force coefficients were predicted from the experimental data of average chip thickness, the 
instantaneous cutting force, and the average cutting force [6, 7]. This model is convenient for the 
analysis of dynamic cutting and stability lobes in the machining process. However, the edge forces 
were often neglected in the cutting force model. 
In the second model, the cutting forces are often separated into the shear force and edge 
force and the average cutting force could be expressed by a linear function of feed rate. This linear 
function was used to determine three shear force coefficients and three edge force coefficients from 
the cutting test data of cutting force [8, 9]. This model is easy to apply when the cutting forces can 
be measured in milling processes. So, it was applied to many types of milling tools such as flat end 
mill [9], ball-end mill [10], bull-end mill [11], and face milling [12], etc. In the face milling process, 
the cutting forces were modeled depending on the relationship of average cutting forces and feed 
per flute when milling using several types of the cutter inserts such as round cutter inserts [12], 
rectangular and convex triangular cutter inserts [13]. It seems that the cutting force models in face 
milling processes using the parallelogram cutter inserts have not been mentioned in the previous 
studies. While, nowadays, these cutter inserts are popularly using in the milling process both for 
rough milling and finish milling processes. Therefore, modeling of cutting forces in the milling 
process using the parallelogram cutter inserts are necessary to apply in the prediction of cutting 
forces and other machining characteristics of these milling processes.
This study was performed to model the cutting forces, to verify the relationship of average 
cutting forces and feed per flute, to determine the cutting force coefficients, and to verify the cut-
ting force models in the milling process using the parallelogram cutter inserts.
2. Materials and methods
In face milling process using the parallelogram insert, the cutting process was the interac-
tive process of cutter inserts and workpiece. During the relative movement of the cutter and the 
workpiece, the chip is formed from the geometrical intersection process of the cutter inserts and 
the workpiece. The chip geometry depends on the geometry of the workpiece, the geometry of the 
cutter inserts, and the relative position of the cutter inserts and workpiece. The geometrical model 
of face milling process was described in Fig. 1.
Fig. 1. Face milling process: a – Tool and workpiece; b – Parallelogram Insert; c – Chip
In face milling process, the immersion position angle of each cutting edge is measured 
clockwise from the normal axis. Assuming that the bottom end of flute number one is designated 
as the reference immersion position angle (ϕ1) and the bottom end point of the flute number j is at 
  
                               a                                       b                                                  c
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an angle (ϕj), as shown in Fig. 2. So, the immersion position angle of the flute number j(ϕj) can be 
calculated by (1):
 φ φ φj p fj J N= − −( ) =1 1 1, ,  (1)








By the influence of the cutter helix angle, the radial lag angle ψ at each axial depth of cut z 










At an axial depth of cut z, the immersion angle is ϕj(z) of the flute number j can be calculated 
by (4), as shown in Fig. 2.
 φ φ φ
β
ψj j jz R
z( ) = − = − tan .  (4)
In case the depth of cut is smaller than the insert nose radius, the cutting process only occurs 
at part (1) of cutting edge. In case, the depth of cut is larger than the insert nose radius, the cutting 
process occurs at both part (1) and part (2) of the cutting edge as illustrated in Fig. 3.
In general cases, the cutting process occurs at both part (1) and part (2) of the cutting edge, 
the instantaneous chip thickness will be different in the different parts of the cutting edge. In 
part (1) of cutting edge, the instantaneous chip thickness is hj1(ϕj(z)) and in part (2) of cutting edge, 
the instantaneous chip thickness is hj2(ϕj(z)). In part (1) of cutting edge, the instantaneous chip 
thickness hj1(ϕj(z)) is determined by (5):
 h z f z zj j t j1 φ φ κ( )( ) = ⋅ ( )( ) ⋅ ( )( )sin sin , (5)












d r r z
j
j
( )( ) = ( )( ) =
− −( )
= − −( )
2 2
2 2  (6)
Fig. 2. The position angle of cutter inserts: a – In feed and normal direction;  
b – In axial direction
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Fig. 3. Undeform chip thickness:  
a – Chip position; b – Parts of chip; c – Position of point J in the chip




= ( )( )sin .κ  (7)
r(ϕj(z)) is the radius of a circle on xy plane at an arbitrary point on the cutting edge. 
So, r(ϕj(z)) can be determined by (8):
 r z R d R r r zj r rφ ( )( ) = + = + − −( )2 2 .  (8)
The edge length of the cutting segment ds is obtained by the small variation of a vector, 
which is obtained from the center point to a point J on the cutting edge (Fig. 3), with respect to 
the small variation of rotation angle ϕ. The location of point J on the flute number j is difined by 
a vector in cylindrical coordinates as described in Fig. 3 and can be calculated by (9):
 
 
r z r z z i r z z j zj j j j jφ φ φ φ φ( )( ) = ( )( ) ⋅ ( )( ) ⋅ + ( )( ) ⋅ ( )( ) ⋅ + ⋅sin cos

k. (9)
Where z is the z coordinate of point J, and, ds can be derived by (10), (11):
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2 1tan ,β  (12)
So, in the part (1) of cutting edge, the tangential, radial, and axial forces acting on a diffe-
rential flute element can be expressed as in (13):
 
                                               a                                                                    b                                        с
Original Research Article:
full paper





dF z K ds z K h z db
dF z K










( ) = ⋅ ( )( ) + ⋅ ( )( ) ⋅
( ) = ⋅ ( )( ) + ⋅ ( )( ) ⋅
( ) = ⋅ ( )( ) +
ds z K h z db
dF z K ds z K
j rc j j










 h z dbj jφ ,
 (13)
where Ktc, Krc, Kac, Kte, Kre are the cutting force coefficients (The values of cutting force coeffi-
cients depend on the interaction mechanical of cutter and workpiece). Replacing (5), (7), and (11) 
into (13), the the tangential, radial, and axial forces can be calculated by (14):
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The cutting forces are often measured in three directions that including feed ( f or x), nor-
mal (n or y), and axial (z) directions. So, using the transformation method, the elemental cutting 
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sin , .,κ φz dF za j1
 (16)
In part (2) of cutting edge, the instantaneous chip thickness hj2(ϕj(z)) is determined by (17):
 h z f zj j t j2 φ φ( )( ) = ⋅ ( )( )sin .  (17)
So, in this part, the tangential, radial, and axial cutting forces acting on a differential flute 
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( ) = − ( )( ) ⋅ ( ) − ( )( ) ⋅ (dF z z dF z z dF zf j j t j j r j2 2 2, , ,, cos , sin ,φ φ φ φ φ )
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, , ., ,dF z dF zz j a j2 2φ φ
 (20)
So, in general cases, the cutting forces occur at both part (1) and part (2) of the cutting edge 
as shown in Fig. 5.
Fig. 4. Cutting forces in cutting edge 1
Fig. 5. Cutting force in two parts of cutting edge
To determine the total cutting force, the differential cutting forces are integrated analytical-
ly along the in-cut portion of the cutting edge of flute j. So, the total cutting forces in each cutting 
edge can be calculated by (21):




















































In cases, there are more than one flute executing the cutting processes simultaneously, the 
total cutting forces in the feed, normal, and axial directions can be calculated by (22):









, , .  (22)
In the face milling process, the average cutting forces of Nf flutes in feed, normal, and 























In the part (1) of the cutting edge, the average cutting forces of Nf flutes in feed, normal, 




































































































In the part (2) of the cutting edge, the average cutting forces of Nf flutes in feed, normal, 








































































































Where ϕst, (ϕst+ψa1), ϕex, (ϕex+ψa2) are cutting boundary conditions.
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Then, the average cutting forces in part (1) and part (2) of the cutting edge were calculated 
by (47) and (48):
 
F C K C K C K f C K C K C K
F C K C K
f tc rc ac t te re ae
n tc r
1 1 3 5 2 4 6
1 7 9
= + +( ) + + +
= +
;
c ac t te re ae
a rc ac t
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F C K C K f C
+( ) + + +
= +( ) +
11 8 10 12
1 13 15 1
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So, the average cutting forces in the entire of one cutting edge were calculated by (49):
 
F C C K C C K C K f C C K C C Kf tc rc ac t te= +( ) + +( ) +( ) +( ) + +( )+1 17 3 18 5 2 19 4 20 re ae
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+
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6
7 18 9 17 11 8 20
;
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Besides, the average cutting forces can be regressed by the linear functions of feed per 
flute as by (50):
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where Ffc ,  Ffe ,  Fnc ,  Fne ,  Fac ,  Fae  are the linear regression constants that were determined by ana-
lyzing relationship of the experimental data of average cutting forces and feed per flute. From 
the (49) and (50), the relationship of the linear regression constants (Ffc ,  Ffe ,  Fnc ,  Fne ,  Fac ,  Fae), 
the setting constants (Ci), and the cutting force coefficients were presented by (51):
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Finally, the cutting force coefficients were calculated by (52):
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The experimental process was performed to verify the relationship of average cutting force 
and feed per flute as presented by (50), to determine the cutting force coefficients as presented 
by (52), and to verify the cutting force models in face milling process as presented by (21) and (22). 
The cutting tests were performed in face milling processes of C45 steel using the cutter with par-
allelogram insert. The compositions of C45 steel are listed in Table 1.
Table 1
Chemical compositions of C45 Steel
Elements C Si Mn Cr Ni Mo V Ti B Cu
Composite (%) 0.44 0.23 0.65 0.15 0.15 0.04 0.01 0.001 0.0004 0.21
The main mechanical and physical properties of C45 steel are presented in Table 2. The 
workpiece dimensions (length × width × height) were 45 × 45 × 45 mm as shown in Fig. 6.
Table 2
Mechanical and Physical properties of C45 Steel
Properties Elastic modulus Poisson's ratio Shear modulus Density Hardness
Unit GPa – Gpa kg/m3 HRC
Value 200 0.3 80 7800 23
Fig. 6. Experimental workpiece and cutter insert: a – Workpiece; b – Cutter insert
A series of face milling experiments were performed. The cutter was chosen as follows: Face 








was using with helix angle β = 30°, rake angle αr = 5°, and insert nose radius r = 0.4 mm as shown 
in Fig. 6. The number of insert Nf was 1 insert.
Milling machine was used for experimental method was five-axis CNC machine cen-
ter (Model: DMU 50 ECOLINE) with SINUMERIK S840DSB control system as shown in Fig. 7. 
This CNC machine has the specifications as follow: X/Y/Z axis stroke: 500/450/400 mm, X/Y/Z axis 
rapid: 30/30/30 m/min, and the maximum spindle speed: 14000 rpm.
Fig. 7. CNC machine and cutting force measurement system:  
a – CNC machine; b – Dynamometer; c – Processing System; d – Software and PC
A dynamometer system was used to measure the cutting forces in experimental work. The 
KISTLER dynamometer system with dynamometer: Type 9139AA and the auxiliary equipments. 
The detail of this system is illustrated in Fig. 7. In the setting process, the dynamometer was fixed 
on the table of CNC machine. The dynamometer was connected to the computer through the pro-
cessing system that including the data processing box (3160-B-042) and the multi-channel charge 
amplifier by using connecting cable. The DynoWare software was used to store and analyze the 
experimental data of cutting forces.
The cutting tests include two sets as listed in Table 3. Set 1 was performed to verify the rela-
tionship of the average cutting force and feed per flute and determine the cutting force coefficients. 
In these cases, the cutting tests were carried out in slot milling (facing). The cutting conditions were 
selected at the stable cutting conditions with small of cutting depth and small of spindle speed to 
decrease the influence of chatter and vibrations [9, 14].
Table 3
Experimental plan
Run. No a (mm) b (mm) ft (mm/flute) n (rpm)
Set 1: Verification of average force model and determination of cutting force coefficients
1 0.5 20 0.1 750
2 0.5 20 0.15 750
3 0.5 20 0.2 750
4 0.5 20 0.25 750
5 0.5 20 0.3 750
Set 2: Verification of dynamic cutting force model
6 0.2 20 0.4 1000
7 0.6 20 0.5 850
At the constant depth of cut and constant spindle speed, the cutting tests were repeated with 
variations of feed per flute. Set 2 was performed to verify the cutting force models. In these cases, 
the cutting tests were selected with different cutting conditions. The cutting parameters of all cut-











3. Results and Discussions
3. 1. Verification of Average Cutting Force Model and Determination of Cutting Force 
Coefficients in Face Milling Process
The cutting tests were performed at stable cutting conditions with small of cutting depth 
and small of spindle speed (set 1) as listed in Table 3. For each experiment, the average cutting 
force in feed, normal, and axial directions were calculated from the measured data of cutting 
forces. The relationship of the average cutting force and the feed per flute was estimated and 
illustrated in Fig. 8. In this figure, all the absolute values of average cutting forces increase with 
the increasing of feed per flute. This obtained result was quite the same with the results when 
using the flat-end mill as presented in reference [9] and when milling using ball-end mill tool as 
presented in reference [10].
Fig. 8. Relationship of average cutting forces and feed per flute
The verified results show that the theoretical and experimental results have a good agree-
ment. So, in face milling process using parallelogram cutter insert, the relationship of average 
cutting forces and feed per flute can be expressed as a linear function. In this study, the measured 
average cutting force can be expressed by the linear function of feed per flute with the large deter-
mination coefficients R2 (from 92.73 % to 99.29 %) as shown in Fig. 8. So, the average cutting force 
models were successfully verified by the analyzed of the relationship of average cutting forces and 
feed per flute. The analyzed result again proves that in face milling processes, the average cutting 
force can be modeled as a linear function of feed per flute not only with a specific pair of cutting 
tool and workpiece as mentioned in some previous studies [10, 14] but also different pairs of cutting 
tool and workpiece. Applying (52), the measured average cutting forces were used to determine all 
six cutting force coefficients as listed in Table 4.
Table 4
Calculated values of the cutting force coefficients




The obtained results from Table 4 showed that the absolute values of shear force coeffi-
cients (Ktc, Krc, Kac) are often much larger than those ones of edge force coefficients (Kte, Kre, Kae). 
So, by analyzing the average cutting force data and the relationship of average cutting forces and feed 
per flute, all six cutting force coefficient components can be determined in face milling processes.
y = 58.02x + 10.195 
R² = 0.9929
y = 105.65x + 9.2702 
R² = 0.9901




































3. 2. Verification of the proposed cutting force models in face milling process using 
parallelogram cutter insert
Using the obtained cutting force coefficient as stored in Table 4, the cutting forces were 
predicted and compared with the measured cutting forces. The predicted cutting forces and mea-
sured cutting forces were compared and shown from Fig. 9 to Fig. 11 for different cutting parame-
ters (set 1 and set 2). The results from these figures showed that, for different cutting parameters, 
the predicted cutting forces were quite close to the measured cutting forces both the shape and the 
amplitude values. In the verifying cutting tests, exiting some different points between predicted 
cutting forces and measured forces (highlighted by circle and error in Fig. 9 to Fig. 11).
Fig. 9 showed the compared results of predicted and measured cutting force for normal cut-
ting condition (medium depth of cut: 0.5 mm, medium feed per flute: 0.1 mm/flute, medium small 
spindle speed: 750 rpm), therefore, the predicted cutting forces were very close to the measured 
cutting forces. This issue can be explained that with the normal cutting condition and with small 
spindle speed, the vibrations were quite mall, then the influence of vibrations on the cutting forces 
are also small, so the predicted cutting forces were very close to the measured cutting forces.
Fig. 9. Comparison of predicted and measured cutting forces of Test 1
These evaluated results of cutting forces were the same the results in Fig. 11 (test 7). Despite 
the large feed per flute, the depth of cut is a medium value, and the spindle speed is a small value, so 
this cutting condition is the normal cutting conditions. Therefore, the influence of vibrations on cutting 
forces was quite small, and so the difference of predicted and measured cutting forces was quite small.
Fig. 10 showed the compared results of predicted and measured cutting force for small 
depth of cut (0.5 mm), large feed per flute (0.5 mm/flute), and larger spindle speed (750 rpm), 
the predicted cutting forces were more different to the measured cutting forces. This issue can be 
explained that with the larger spindle speed, the vibrations were bigger, then the influence of vi-
brations on the cutting forces was also larger, so the predicted cutting forces were different to the 
measured cutting forces.
Although there are still differences between the predicted and measured cutting forces, in 
general, these differences are quite small. Therefore, the predicted results from research model 
agree satisfactorily with experimental results. So, from all above analyzed results, the cutting force 
models and cutting force coefficient models in this study can be used to determine the cutting force 
coefficients and predict the cutting force in face milling process using parallelogram cutter insert.
The reasons for the above differences can be from the vibrations, the chatter, the cutter run-
out, the deflection, the inconstancy of cutting depth, the unstable of workpiece hardness, the tem-
perature, the friction, and so on. Although, the effect of factors (vibration, noise, temperature, etc.) is 
limited in the experiments, but in fact, this effect still exists in the experiment processes. Integration 
of other parameters such as vibrations, cutter run-out, deflection, temperature, etc into cutting force 
































Fig. 10. Comparison of predicted and measured cutting forces of Test 6
Fig. 11. Comparison of predicted and measured cutting forces of Test 7
4. Conclusions
By analyzing the theoretical face milling process using a parallelogram cutter insert, the 
average cutting forces can be modeled as the linear function of feed per flute.
By the experimental method, the average cutting forces in three directions (x, y, z) can 
also be modeled as the linear function of feed per flute with the large determination coeffi-
cients R2 (from 92.73 % to 99.29 %). The average cutting force models were successfully verified 
by the analysis of the relationship of average cutting forces and feed per flute.
By analyzing the average cutting force data and the relationship of average cutting forces 
and feed for flute. Which, the absolute values of shear force coefficients (Ktc, Krc, Kac) are often 
much larger than those ones of edge force coefficients (Kte, Kre, Kae).
The predicted results from the research model agree satisfactorily with experimental results. 
So, from all the above-analyzed results, the cutting force models and cutting force coefficient mod-
els in this study can be used to determine the cutting force coefficients and predict the cutting force 
in the face milling process using a parallelogram cutter insert.
The reasons for the differences between predicted and measured cutting forces can be from the 
vibrations, the chatter, the cutter run-out, the deflection, the inconstancy of cutting depth, the unstable 
workpiece hardness, the temperature, the friction, and so on. Investigation of these parameters on the 
cutting forces and values of cutting force coefficients will the next research directions of this study.
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